Abstract. We compute the natural multiplication on mod four homotopy for the ring spectrum T (Z) = T HH(Z), and its associated natural module action upon the mod two homotopy.
Introduction
B okstedt's topological Hochschild homology THH(A) = T(A) of a ring A can be thought of as the spectrum de ned by forming the Hochschild complex for A, but replacing A with its Eilenberg{Mac Lane spectrum HA everywhere, and replacing all tensor products with smash products of spectra. Intuitively this gives a simplicial spectrum q] 7 ! T(A) q = HA^ ^HA (with q + 1 factors), and although there are technical problems with such a statement, these were overcome by B okstedt in B1] . Just like the Hochschild complex is a cyclic complex, T(A) admits a circle action, and can be given the structure of an S 1 -spectrum. Its 0{simplices T(A) 0 are HA, and the circle action de nes an interesting map : S 1 +^H A ? ! T(A) mapping into the 1-skeleton of T(A). When A is commutative, T(A) is a ring spectrum, so T(A) is an algebra. The inclusion on 0-simplices HA ! T(A) is a ring map, so T(A) is a retract of HA^T(A) and thus equivalent to a wedge of Eilenberg{Mac Lane spectra. We will be interested in the case when A equals the integers. Then T(Z) is trivial in positive even degrees, so the algebra structure is trivial. Instead we will study the nontrivial algebra structure on its homotopy with nite coe cients.
Ultimately we are interested in studying the trace map tr: K(Z) ! T(Z) dened in B1] from algebraic K-theory to topological Hochschild homology, and its re nements tr p n : K(Z) ! T(Z) C p n for the various nite subgroups C p n S 1 de ned in BHM]. These re nements combine to de ne the cyclotomic trace map trc: K(Z) ! TC(Z), which was used in BM] to compute the (completed) algebraic K-theory of the p-adic integers for odd p. We can extend these calculations to the case p = 2, and an essential ingredient of this program is to algebraically structure the mod two homotopy of the xed point spectra T(Z) C 2 n for varying n. This note provides the foundations for these calculations, by establishing the properties summarized in Theorem 3.2 below. up to homotopy. Hence there is no algebra structure on S 0 =2, nor a natural algebra structure on (X; Z=2) for general ring spectra X. The observations go back to Barratt Ba] .
We are concerned with the two{primary homotopy of T(Z) in an equivariant sense. To be precise, we wish to study the mod two homotopy of the C 2 n -xed points of T(Z) for all n, where C 2 n S 1 is the cyclic group of order 2 n . As noted above T(Z) is a wedge of Eilenberg{Mac Lane spectra, so in fact 1^2: T(Z)^S C 2 n , so (T(Z) C 2 n ; Z=4) is naturally a commutative algebra for all n.
There is also a question of associativity (or transitivity) for the action m, i.e. , and the obstruction to associativity is its mod two residue class in 3 (S 0 )=2. For ring spectra X which are algebras over K(Z) this obstruction naturally vanishes, since the obstruction (which comes from the threestem) is divisible by two in K 3 (Z) = Z=48. Hence in the case of T(Z) the action of the mod four homotopy of T(Z) C 2 n upon the mod two homotopy is really associative for all n. 
the two squares commute, and h 2 and the right hand are multiplicative. We shall see below that the horizontal maps are injective. The algebra structure here is that inherited by (T(Z); Z=2) as a subgroup of H (T(Z); Z=2) which turns out to be closed under multiplication, and thus becomes a subalgebra. This algebraically de ned product needs not a priori be well related to a product on T(Z)^S 0 =2. We shall prove instead that it is well related to the natural pairings on homotopy induced by 2 and m. Remark 2.2. From Lemma 2.1(iv) the higher Bockstein structure on (T(Z); Z=2) may be deduced. Combining these results with the corresponding odd primary calculations, B okstedt obtained the integral answer T(Z) = 8 > < > :
Z for = 0, Z=n for = 2n ? 1, 0 otherwise.
3. Homotopy of T(Z) with finite coefficients We recall the additive structure on (T(Z); Z=4). The mod two homotopy Bockstein 1 is a derivation, because it is detected in homology where it corresponds to the mod two homology Bockstein ( 1 dual to Sq 1 ), which is a derivation. From 1 (e 4 ) = e 3 we have 3 T(Z)2 = Z=2. In general 4k?1 T(Z)2 is Z=2 for k odd, and cyclic of order four or more for k even. So There is a choice of sign in f i for i 0; 7 mod 8, which we will specify shortly. The classes f i in odd degrees are integral. We note that 2f 3 = 2f 4 = 0. The homomorphisms and linking (T(Z); Z=2) and (T(Z); Z=4) are easily determined using the maps of co ber sequences (1:1): For f 3 f 4 note that f 3 is integral and is linear with respect to multiplication by integral classes. So f 3 f 4 = e 3 f 4 = e 3 (e 4 ) = (e 3 e 4 ) = 2f 7 . Likewise f 4 f 7 = f 4 e 7 = (e 4 ) e 7 = (e 4 e 7 ) = (e 3 e 2 4 ) = 0. Here e 7 denotes a generator of 7 T(Z) which reduces to f 7 mod four.
Because 2 is a derivation 2 (f To prove m(x y) = (x) y in (T(Z); Z=2) it su ces to apply the injection h 1 and note that h 1 m(x y) = h 2 (x) h 1 (y) = h 1 ( (x) y).
The remaining claims follow from Lemma 1.2.
